Chapter 3

Section 4
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3.4 Library of Functions; Piecewise-defined Functions

PREPARING FOR THIS SECTION Before getting started, review the following:

e Intercepts (Section 2.2, pp. 159-160) ¢ Graphs of Key Equations (Section 2.2:
Example 3, p. 159; Example 10, p. 163;
Example 11, p. 163; Example 12, p. 164)

«\\an Work the ‘Are You Prepared?’ problems on page 244.

OBJECTIVES 1 Graph the Functions Listed in the Library of Functions (p.237)
2 Graph Piecewise-defined Functions (p. 242)

g
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Graph the Functions
Listed in the Library
of Functions
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Properties of f(x) = Vx

1. The domain and the range are the set of nonnegative real numbers.

2. The x-intercept of the graph of f(x) = Vx is 0. The y-intercept of the
graph of f(x) = Vxis also 0.

3. The function i1s neither even nor odd.
4. The function is increasing on the interval (0, o©).
5. The function has an absolute minimum of 0 at x = 0.
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Example

Graphing the Cube Root Function

(a) Determine whether f(x) = Vx is even, odd, or neither. State whether the
graph of f 1s symmetric with respect to the y-axis or symmetric with respect to
the origin.

(b) Determine the intercepts, if any, of the graph of f(x) = V.

(c) Graph f(x) = Vx.
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Solution

(a) Because
f(=x) = V—x = =Vx = —f(x)

the function is odd. The graph of f is symmetric with respect to the origin.

(b) The y-intercept is f(0) = /0 = 0. The x-intercept is found by solving the
equation f(x) = 0.

f(x) =0
V=0 9=V«

x = 0 Cubeboth sides of the equation.

The x-intercept is also 0.

(c) Use the function to form Table 4 (on page 238) and obtain some points on the
graph. Because of the symmetry with respect to the origin, we find only points
(x,y) for which x = 0. Figure 29 shows the graph of f(x) = Vx.
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Solution continued

X y = f(x) = \3/); (X:Y)
0 (0,0)

co | — o
| —
—
co | —
N~ | —
~_

Table 4 Figure 29
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Properties of f(x) = \3/;

1. The domain and the range are the set of all real numbers.

2. The x-intercept of the graph of f(x) = Vx is 0. The y-intercept of the
graph of f(x) = Vx is also 0.

3. The function is odd. The graph is symmetric with respect to the origin.

4. The function is increasing on the interval (—00, 00).

S. The function does not have any local minima or any local maxima.
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Example

Graphing the Absolute Value Function

(a) Determine whether f(x) = |x| is even, odd, or neither. State whether the

graph of f 1s symmetric with respect to the y-axis, symmetric with respect to the
origin, or neither.

(b) Determine the intercepts, if any, of the graph of f(x) = |x|.
(c) Graph f(x) = |x|.
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Solution

(a) Because
f(=x) = |=x
= x| = f(x)
the function is even. The graph of f is symmetric with respect to the y-axis.
(b) The y-intercept is f(0) = |0| = 0. The x-intercept is found by solving the
equation f(x) = 0, or |x| = 0. The x-intercept is 0.
(¢c) Use the function to form Table 5 and obtain some points on the graph. Because

of the symmetry with respect to the y-axis, we only need to find points (x, y) for
which x = 0. Figure 30 shows the graph of f(x) = |x]|.
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Solution continued

y = f(x) = |x| (x, y)
0 (0, 0)

Table 5

w N = o X%

Figure 30
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Properties of f(x) = |x|

1. The domain is the set of all real numbers. The range of fis {y|y = 0}.

2. The x-intercept of the graph of f(x) = |x| is 0. The y-intercept of the
graph of f(x) = |x| is also 0.

3. The function is even. The graph is symmetric with respect to the y-axis.

4. The function is decreasing on the interval (—o0, 0). It is increasing on the
interval (0, 00).

5. The function has an absolute minimum of 0 at x = 0.
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Constant Function

[ f(x) = b  bisareal number J
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Identity Function

[
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Square Function

{ f(x) = ¥ )
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Cube Function

[
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Square Root Function

[ flx) = Va ]
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Cube Root Function

{ fx) = Va |
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Reciprocal Function

[ flx) =~
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Absolute Value Function
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DEFINITION Greatest Integer Function

[ f(x) = int(x)* = greatest integer less than or equal to x

]_J

*Some texts use the notation f(x) :|[ xﬂ instead of int (x).
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Greatest Integer Function

y = f(x)
X = int(x) 0 y)
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Figure: f(Xx) = int (x)

6 6 NORMAL FLOAT AUTO REAL RADIAN MP n
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(a) TI-83 Plus, connected mode (b) TI-83 Plus, dot mode (c) TI-84 Plus C
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Graph Piecewise-
defined Functions
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Example

Analyzing a Piecewise-defined Function

The function f is defined as

—2x+1 if-3=x<1

f(x) = 2 ifx =1
X ifx > 1
(a) Find f(—=2),f(1),and f(2). (b) Determine the domain of f.
(c) Locate any intercepts. (d) Graph f.
(e) Use the graph to find the range of f. (f) Is fcontinuous on its domain?
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Solution

(a) To find f(—2), observe that when x = —2, the equation for f is given by
f(x) = —2x + 1. So

f(=2) = -2(-2)+1=5
When x = 1, the equation for fis f(x) = 2. So,
f(1) =2
When x = 2, the equation for fis f(x) = x. So

f(2) =2 =4
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Solution continued

(b) To find the domain of f, look at its definition. Since fis defined for all x greater
than or equal to —3, the domain of fis {x|x = —3}, or the interval [ —3, 00).

(c) The y-intercept of the graph of the function is f(0). Because the equation for
fwhen x =01is f(x) = —2x + 1, the y-intercept is f(0) = —2(0) + 1 = 1.
The x-intercepts of the graph of a function f are the real solutions to the
equation f(x) = 0.To find the x-intercepts of f,solve f(x) = 0 for each “piece”
of the function, and then determine what values of x, if any, satisfy the condition
that defines the piece.

flx) =0 flx) =0 flx) =0
—2x+1=0 -3=x<1 2=0 x=1 x>=0 x>1
—2x = —1 No solution x =0
1
¥=3
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Solution continued

The first potential x-intercept, x = > satisfies the condition —3 = x < 1, so

1. : L :
x = 5 1s an x-intercept. The second potential x-intercept, x = 0, does not satisfy

the condition x > 1,s0 x = 01s not an x-intercept. The only x-intercept is E.The

1
intercepts are (0, 1) and > 0.

(d) To graph f, graph each “piece.” First graph the line y = —2x + 1 and keep
only the part for which —3 = x < 1. Then plot the point (1, 2) because, when
x = 1, f(x) = 2. Finally, graph the parabola y = x* and keep only the part for
which x > 1. See Figure 41.

(e) From the graph, we conclude that the range of fis {y|y > —1}, or the interval
(—1,00).

(f) The function f is not continuous because there is a “jump” in the graph at
x = 1.
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Solution continued

o0 <<
-

I P N

Figure 41

(—2,9) (2,4)
1,2)
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